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An H°° control law design is presented for a benchmark problem consisting of an undamped pair of spring-
coupled masses with a sensor and actuator that are not collocated. This simple mechanical system captures many
of the salient features of more complex aircraft and space structure vibration control problems. The H°°
problem formulation enables the issue of stability robustness in the face of large mass and spring constant
variation to be directly addressed. Constraints on closed-loop dominant pole locations and settling time are
accommodated via a simple s-plane bilinear transform. The transform parameter can give direct control of
closed-loop disturbance settling time and controller open-loop pole-zero locations. A four-state H°° minimum
phase controller was found to meet the given specifications of each design. Detailed analysis on the tradeoffs of
sensor noise vs control energy are also presented.

I. Problem and Specifications

T HE benchmark problem proposed by Wie and Bernstein1

is shown in Fig. 1. This undamped spring-mass system
has the following transfer function

(1)u m\s2{m2s2 + [1 +

where the masses m\, m2, and the spring constant k take the
value of 1.0 as nominal, but can be uncertain. In addition, the
measurement variable z (picked up by the sensor) is not collo-
cated with the actuator signal u, which introduces extra phase
lag into the system and makes it much harder to control. On
the other hand, a collocated actuator/sensor system setup is
passive and can never be destabilized by feedback.

Table 1 summarizes the specifications of all three designs.
Overall, this problem captures many of the challenging robust
control issues encountered in aerospace applications such as
robustness vs performance tradeoff, control bandwidth vs
control energy, noise rejection, etc.

From the classical design point of view (root locus or Bode
plot), this plant can be stabilized and its poles can be assigned
to a certain area in the s plane via three lead networks (with
each contributing about 70-80-deg phase angle around the
crossover frequency region). The question is how to find this
controller using modern techniques such as H2 or H°°.

II. Design Methodology
Figure 2 presents the flowchart of a five-step design proce-

dure:
Step 1: Pull out the uncertainty blocks from the system

block diagram to formulate an H°° robust control problem.
Step 2: Map the plant from s plane to s plane via the bilinear

pole-shifting transform s = (s + Pi)/[(s/p2) + U-
Step 3: Compute the H°° optimal controller for the trans-

formed plant f ( s ) (i.e., solve min/r(5-)||f(y'w)||»< 1).
Step 4: Map the controller F(s) back to the s plane via the

inverse bilinear pole shifting transform s = (-s+p\)/
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Step 5: Go back to step 1 and iterate the parameter p\ of the
bilinear transform until the design specifications are met.

The following sections elaborate each step.

A. //°° Robust Control Problem Formulation
First, an H°° optimal control problem is formulated. The

uncertainty in k is represented additively as

k = 1.25±0.75A (2)

where the size of A is bounded by || A Ho, < 7. The uncertainty
of spring constant A is pulled out, as shown in Fig. 3. The
disturbances injected into the system at mass 1 and 2 are
denoted as co(0- The sensor noise is denoted as v(t). For
design 2, uncertainty blocks (AMl, A^ , AM2) will be pulled out
from the system block diagram, and no scaling is needed.

Now, an H°° small-gain problem is formulated for all three
designs:

Find a stabilizing controller F(s) such that

mm\\Ty u
f(s)

y \ui\\
1

o< - (3)

with 7 = 1 for designs 1 and 3 and with the greatest possible 7
for design 2.

In general, this small-gain problem formulation allows one
to capture many of the issues occurring in practical control
problems including disturbance attenuation, control band-
width, plant parametric sensitivity, and performance/robust-
ness tradeoffs, etc.

The state-space H°° algorithm can become ill conditioned
when the plant has yw-axis poles or zeros. It can lead to an
irrational, noncomputable optimal controller with point dis-
continuities at the of fending j w-axis poles or zeros. This prob-
lem has been discussed thoroughly in Ref. 2.
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Fig. 1 Benchmark problem.
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Table 1 Design specifications

Design
1

2

3

Robustness
Stable for
0.5 < k < 2.0
Maximize MSMa

of /HI, m2, k
Stable for
0.5 < k < 2.0

Settling time
Ts * 15 s
for nominal
Ts « 15 s
for nominal
Ts « 20 s
for nominal

Disturbance, w ( t )
Impulse

Impulse

A sin(0.5r+</>)
A , <f> unknown

r~»! A I——

aMSM = multivariable stability margin.

Fig. 2 Design flow chart.

B. Bilinear Pole-Shifting Transform (y co-Axis Shifting)
A simple bilinear transform2 has been found extremely use-

ful for removing the H°° ill-posedness problem and achieving
the design specifications for the benchmark problem.

First, the bilinear transform is formulated as jco-axis pole
shifting transformation

5 = ~s+P\
(5//72) +

(4)

where the negative numbers p\ and p2 are the endpoints of the
diameter of a circle in the left 5 plane (see Fig. 4) that is
mapped by Eq. (4) onto theyco axis in the 5 plane. The inverse
of such a bilinear transform is

(5/p2)-l
(5)

Figure 4 also shows how the various regions designated A,
B, and C in 5/5 planes are transformed by the mappings (4)
and (5):

1) The boundary of the 5-plane circle F is mapped onto yo5
axis in the 5 plane.

2) The 5 plane j a? axis is mapped onto a circle f in the right
5 plane, which is an exact mirror image of the 5-plane circle F.

3) Areas A, B, and C are mapped to their 5-plane counter-
parts.

Both forward and inverse multivariable bilinear transforms
are special cases of the transform 5 = (az + 5)/(yz + P) and
can be realized by the state-space formula2'4:

B :H

Fig. 3 H°° synthesis block diagram.

s-planc -plane

Fig. 4 Bilinear transform on s plane.

Other important transforms that map continuous transfer
functions to discrete domain such as Tustin, prewarped Tus-
tin, backward/forward rectangular transforms, etc., can also
be handled with this state-space formula.3'4

C. Optimal H°° Controller via Loop-Shifting Concept
The H°° control theory concerns the design of a control law

of the form

u2(s) = F(s)y2(s)

for a two-port plant

(7)

(8)

where, in general, y\, y2, u\, and u2 are vectors. The objective
in H°°- control is to choose F(s) such that the closed-loop
transfer function TyiUl is bounded as

H 7 > , l / , l | o o < 1 (9)

In the usual formulation, the plant is assumed to have an
n -state state-space representation with B, C, D matrices parti-
tioned conformably with (y\,y2,u\, u2), i.e.,

\A B]
P(s): = —— —— =

A
c,

_C2

B\ B2

DH
D2[

D\-L
D22

(10)

C(aI-yA) D +yC(aI -
(6)
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A solution F(s). for the H°° control problem may be found by
solving two Riccati equations.7'9

The two-Riccati H°° controller has been derived via two
distinct approaches—game theory in time domain and all-pass
embedding in frequency domain. The game theory approach is
conceptually abstract but leads to a much simpler derivation.
In 1977, Mageirou and Ho5 solved the full-state feedback case
via game theory and others6 later "rediscovered" it. Sub-
sequently, Doyle et al.7 extended the full-state feedback result
into its observer dual and established a separation principle
for H°° control [a counterpart of the linear quadratic Gaus-
sian (LQG) separation principle]. A frequency domain deriva-
tion for the dynamical output feedback case was initiated by
Limebeer et al.8 using Parrott's all-pass embedding technique
and the optimal Hankel norm theorem. Both approaches re-
quire a large effort and much algebraic manipulation to han-
dle all but very special cases in which the plant C and D
matrices satisfied certain conditions. Safonov et al.9 developed
a loop-shifting technique to simplify the derivations, intro-
duced a descriptor matrix-pencil representation and improved
existence conditions. The latter eliminated numerical instabili-
ties that had plagued previous formulations of the H°° control
theory. A matrix pencil is an ^-dependent matrix of the form
As + B. The generalized eigenvalues of a regular square ma-
trix pencil, denoted A, (As- + B)9 are the values of s € 6 at
which the determinant of the pencil vanishes; numerically
robust algorithms exist for computing the generalized eigen-
values and associated eigenspaces.3

The benchmark problem was solved via the loop-shifting
optimal H°° formulas.9 The main results from Ref. 9 are
summarized here without proof.

Theorem 1.9 Suppose the plant D matrix has the special
structure

Ai = 0 (lla)

D22 = 0 (lib)

(He)

did)

(12)

(13)

(14)

(15)

respective eigenspaces of Hc and H0 associated with negative
eigenvalues and

£>2i = [0 /]

Let the Hamiltonian matrices be described as

A - B2D{2C, B,Bf - B2B=
c T

(A -

-(A -B2D'2C})

cfd-cfa ]
-(A -

where

C, = (/ - A2Ar
2)C,

Then, there exists a stabilizing controller F(s) for which
ll^ujoo < 1> if and only if the Hamiltonian matrices Hc and
H0 have no eigenvalues with zero real part and the following
three generalized eigenvalue conditions are satisfied:

(16)

(17)

(18)

max Re ( X/I/V - (AP{ + B2F)\ ) < 0

max Re [X^s - (S}A + GC2)] ) < 0

max A,(S,/V - S2P2) < 1

F=

Furthermore, one controller for which
by

F(s)= -F(Es -
where

A = SlAPl + S2ATP2 + Si

+ S2(C1
rC1-C2

7C2)P1

- B2B2
r)P2

A=A -

E = S,P, - S2P2

(19)

(20)

< 1 is given

(21)

(22)

(23)

(24)

where Pl9 P2, Si, S2 are any n x n matrices chosen such that
the columns of [Pi,P2]r and [S,7", S?]T form bases for the

The loop-shifting techniques described in Safonov et al.9 will
transform a general plant to the special structure required by
Eqs. (lla-d) of Theorem 1. The final controller is assembled
via the inverse loop-shifting transforms.9

The formulas and existence conditions in Theorem 1 and the
loop-shifting transforms9 have been implemented in the //°°
software3 since December 1988. We note that Ref. 9 also
includes a result parameterizing all controllers for which

D. Properties of the Optimal //°° Controllers
Several interesting and well-known properties of the H°°

theory are summarized here without proof:
Property 1 . The optimal H°° cost function TyiUlis all pass,

i.e., a[TyiUl(jw)] = 1 for all co € (R.
Property 2. In any weighted mixed sensitivity problem for-

mulation (e.g., Safonov and Chiang13), the H°° controller
always cancels the stable poles of the plant with its zeros
(transmission zeros).

Property 3. In the weighted mixed sensitivity problem for-
mulation (e.g., Safonov and Chiang13), any unstable pole of
the plant inside the specified control bandwidth [i.e., the
frequency range where the sensitivity weight W\(s) defined in
Ref. 9 satisfies I H^iO'co)! < 1] will be shifted approximately
to its y co-axis mirror image once the feedback loop is closed
with an H°° optimal controller.

Property 1 enables the mixed-sensitivity H°° to be an exact
loop-shaping control design tool.3 Property 2 unfortunately
implies that mixed-sensitivity H°° design will inevitably suffer
stability robustness problems when there are parametric varia-
tions affecting the locations of lightly damped plant poles.
(Two methods are proposed in Ref. 10 to improve this defi-
ciency.) Property 3 enables this loop-shifting H °° method to
work successfully in resolving the latter difficulty as well as the
benchmark problem.

Recall the following property of the bilinear mapping: The
poles on the 7 co axis in 5 plane are mapped into a circle f in § plane
centered at —(p\ +/?2)/2. Property 3 will ensure the closed-
loop poles are placed inside the circle A in 5 plane of Fig. 4 at
positions that are the shifted RHP mirror images of the open-
loop poles outside the region A in s plane. Therefore, the pa-
rameter pi in bilinear transform plays a significant role of
placing the dominant closed-loop poles at the desired locations
in s plane, thereby determining noise rejection and settling
time, etc. The variable p\ turns out to be the only parameter
that needs to be adjusted for all of the designs to meet the
benchmark problem specifications.

E. Smaller H°° Norm in s Plane
Another salient feature of the bilinear pole-shifting method

is that the maximum modulus theorem guarantees that the
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following inequality is satisfied2:

S€T
= supa[f O

(25)

Therefore, it ensures that the final s-plane controller F(s) will
at least meet the robustness specification (|| A ||oo < 7) and will
probably exceed it.

III. Design Results
The values of design parameters in bilinear transform 5 =

(pi + s)/(l + s/p2) that were used in our design study are
summarized in Table 2. The parameter pl was selected via a
simple rule of thumb in classical control11

settling (26)

where rsettiing = 15 s and the real part of the dominant closed-
loop poles is 2p\ = - fcow « -0.3. Parameter p2 = - 100 was
selected to be arbitrarily large (> control bandwidth).

The results of the design are summarized in Table 3. All of
the controllers are stable and minimum phase. They all resem-
ble a triple lead network with ample gain/phase margin as
expected from classical design point of view (see root locus
plots and Bode plots of each design). The controller transfer
functions are listed in the Appendix.

Typical sensor noise can be modeled as a small magnitude
sinusoidal signal at a frequency that is much higher than the
control bandwidth. For all three designs, the sensor noise is
modeled as

v (0 = 0.001 sin(1000 (27)

A. Design 1
In this design, an extra weighting was employed to penalize

the control signal u2 in addition to the penalty on the spring
constant (MI — y{). The purpose is to minimize the control
energy to some extent without introducing conservativeness.
The cost function has now become

mm < 1 (28)

Two types of controller were examined in this design, mini-
mum phase and nonminimum phase. They both can be ob-
tained by adjusting the bilinear transform parameters p\ and

Table 2 Design parameters

Design
la
Ib
2
3

Pi
-0.35
-0.30
-0.35
-0.30

P2

-100
00

-100
-100

Table 3 Design results

Design
la

Ib

2

3

Robustness

imu< i
imu< i
Figure lOb
A« ±28%
imi.< i

Settling time
Figure 6
Ts « 15 s
Figure 12
Ts « 15 s
Figure 12
Ts « 15 s
Figures 14
Ts ~ 20 s

Gain/phase margin
18 < GM < 27 (dB)
68 < PM < 70 (deg)
1.5 < GM < 4(dB)
3 < PM < 30 (deg)
14 < GM < 21 (dB)
55 < PM < 68 (deg)
14 < GM < 20 (dB)
28 < PM < 53 (deg)

1.2

.' 0.8

0.4

Trade-off between "Robustness" and "Control Energy"

0 0.05 0.1 0.15 0.2 0.25 0.3

Less Control Energy (Rho: —->)

Fig. 5 Tradeoff curves for robustness and control energy.
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-3o

-50

-iooo

f*Hv_ !

10 20 3
Sec

Control (u)
i i

10 20 3
Sec

x2(z)

Impulse Response @ M2
Sensor Noise: 0.001 *sin(100t)

Dashed: k = 0.5
Solid: k=1.0
Dotted: k = 2.0

Fig. 6 Design la impulse response at mass 2.

p2. The objective here is to maximum the robustness level 7
with minimum control energy 1 /p. Two tradeoff curves that
bound the stabilizing controllers are shown in Fig. 5 for two
different settling time requirements (15 and 20 s). As control
energy gets larger and larger, the robustness level increases.

Minimum Phase Controller (Design la)
Figures 6 and 7 show a design with robustness level 7 = 0.75

and control energy constraint p = 0.02. Figure 6 shows the
response of unit-impulse disturbance applied at mass 2.
Clearly, mass 2 settling time meets the specification and the
system is robust against spring constant variations (0.5 <
k < 2) as well as high-frequency sensor noise. Figure 7 shows
the controller Bode plot, overall loop transfer function, and
root locus. As indicated, this design also enjoys large gain and
phase margins. The root locus of the system indicates that the
system is effectively controlled by a three-lead H°° controller
with dominant closed-loop poles placed at desired locations
(marked as boxes in Fig. 7).

Caveat. Since we bounded the uncertainty inside a complex
disk with radius 0.75 (7 = 0.75), the control energy shown in
Fig. 6 can be substantially reduced, when a real design tool is
used to deal with real parametric variations.15

Nonminimum Phase Controller (Design Ib)
As an alternative design, a nonminimum phase type con-

troller was also investigated. Simply because a minus sign in
such a controller contributes 180-deg phase compensation
with minimum control effort.



CHIANG AND SAFONOV: H°° SYNTHESIS 1115

Controller Ffs)
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Fig. 7 Bode plots of A/00 controller, loop transfer function, and root
locus (design la).
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A/2, k) variations. This problem falls naturally into the frame-
work of \JL synthesis.14

First, a direct //°° design was formulated with additive
uncertainties of MI, M2, and k pulled out and penalized as an
//°° small-gain problem. Then following the usual /x, synthesis
procedure, an optimal H°° controller F(s) is found so as to
minimize \\TyiU Jl*.The optimal y is 7 = 0.017. The structured
singular value routine3 is then used to compute the MSM of
yTyiUl as well as the 3 x 3 diagonal scaling matrix D(ju>)
= diag[di(y'w), d2(ju)> di(ju)} (see Figs. lOa and lla). The
next step is to curve fit the magnitude Bode plots of diagonal
scalings of \di(ju>)\, \ d 2 ( j w ) \ 9 I^3(70?)I with low-order sta-
ble and minimum-phase transfer functions and then absorb
them into the plant P(s) for another H°° design iteration (see
Figs, llb-d for the curve fitting). This procedure, which is
repeated iteratively, first solving for F(s) then D(s), is called
the D-F iteration.

We stopped after only one D-F iteration, since the size of
the resulting controller has already increased from 4 states to

Controller F(s)

Fig. 8 Design Ib impulse response at mass 2.
Fig. 9 Bode plots of //°° controller, loop transfer function, and root
locus (design Ib).

Figures 8 and 9 show a design with robustness level 7 = 0
and control energy constraint p = 0.01. The bilinear transform
parameters were chosen to bepi = - 0.3 and/?2 = oo to ensure
a strictly proper controller with minimum high-frequency
noise amplification. Figure 8 shows the impulse response at
mass 2. Clearly, the mass 2 settling time meets the specifica-
tion and the system is robust against spring constant variations
(0.5 < k < 2) as well as high-frequency sensor noise. Figure 9
shows the controller Bode plot, overall loop transfer function,
and root locus.

Caveat. As shown in Fig. 8, the control energy has been
reduced substantially, but unfortunately, so have the gain and
phase margins as compared to design la.

B. Design 2
For this design, the main requirement is to maximize the

multivariable stability margin (MSM) for simultaneous (Mi,

Tylul in "s~" and "s"

MSM m:s~:+-10.94%::

MSMin;s:+-22;96|%;:

IO-1 10° 10'
Rad/Sec

____Tylul in "s~." and "s"

MSM In s~: +.24.63%:

MSMin:s:+-31:2i:%:;

10°
Rad/Sec

Fig. 10 Design 2: structured singular values.
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Diagonal Scaling D(s)
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R/S (x: data; solid: fit)

100

10° 103

R/S (x: data; solid: fit)

D33(s)______

10-3 10° 103

R/S (x: data; solid: fit)

energy shown in Fig. 12 can be substantially reduced when a
better tool is developed to deal with the real uncertainties.15

C. Design 3
In this design, a persistent sinusoidal disturbance [w(0 =

sin(0.501 is acting on the plant instead of the impulse distur-
bance. The basic requirements are still the same except the
settling time of mass 2 has been relaxed to 20 s.

The internal model principle12 indicates that to reject such a
plant disturbance one can simply augment the plant at its
control input with a compensator having poles coinciding with
the disturbance poles, i.e., s = ±0.5y, then design an H°°
controller for the augmented plant. In our design, the plant
was compensated as follows,

G(s)-G(s) (s
(29)

Fig. 11 Design 2: diagonal scaling D(s} and curve fitting.

,pw, I
j . . . . . . . . . . . . . . . . . . I . . . . . . . . . . . . . . . . . . . . . . ! . . . . . . . . . . . . . . . . . . . . . 0.2

n n
[) 10 20 30 (

/'fv
r^t ------
) 10 20 3

Sec Sec

2QQ Control (u)

150

100

50

. . . . . . . . . . . . . . . . . . . . . I . . . . . . . . . . . . . . . . . . . . . . . ; . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . ! . . . . . . . . . . . . . . . . . . . . . . ; . . . . . . . . . . . . . . . . . . . _

. . . . . . . . . . . j . . . . . . . . . . . . . . . 4 . . . . . . . . . . . .....

0 10 20 3
Sec

100

-50I—io-3

Impulse Response @ M2
Sensor Noise: 0.001*sin(100t)

Dashed: k = 0.5
Solid: k=1.0
Dotted: k = 2.0

Fig. 12 Design 2 impulse response at mass 2.
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200
5

0

-200

" Min. PM: 54.%ideg
Max..£M^T86'aggX

-400 io-3
10° IO3

Rad/Sec (k = 0.5(--), l(-), 2(.))

Fig. 13 Bode plots of H°° controller and loop transfer function.

16 states. The optimal 7 increased to 7 = 0.17. The resulting
structured singular value plot is shown in Fig. lib. The final
MSM is improved by 12%.

Figure 12 shows the impulse response at mass 2. The settling
time specification of mass 2 is met. The system is robust
against ±31% simultaneous complex plant variations in (M\,
A/2, k) as well as high-frequency sensor noise. Figure 13 shows
the controller Bode plot and the overall loop transfer func-
tion. Like design 1, this design also enjoys large gain and
phase margins.

Caveat. Since we used the complex /x synthesis tool to de-
sign a controller for the real parametric variations, the control

Control Energy (u)

30

2

1.5

1

0.5

0

x2(z)

10 20 30
Sensor Noise: O.OOlsin(lOOt)

10 30
Sec (k = 0.5(--), l(-),2(.))

Fig. 14 Design 3: response of sinusoidal disturbance at mass 2.

Controller F(s)

-50
10-3 10°

Rad/Sec
IO3

Min. PM: 28/Olffleg
Max.JEMr5i.07.ttek

10° 103
Rad/Sec (k = 0.5(--), l(-), 2(.))

Fig. 15 Bode plots of H°° controller, loop transfer function, and
root locus (design 3).
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where a = 1 (> control bandwidth) to provide enough damp-
ing and co = 0.5, the disturbance frequency.

Figures 14 and 15 show a design with 7 = 0.4 and p = 0.01.
Figure 14 clearly indicates that settling time of mass 2 is
exactly 20 s, and the system is robust against spring constant
variations (0.5 < k < 2) as well as high-frequency sensor
noise. Figure 15 shows the controller Bode plot and overall
loop transfer function. Similar to designs 1 and 2, this design
also enjoys large gain and phase margins. Figure 15 shows
root locus of the system, which indicates that the system is
effectively controlled by a five-lead minimum phase H°° con-
troller with dominant closed-loop poles placed at desired loca-
tions (marked as boxes in Fig. 15).

Caveat. Since we bounded the uncertainty inside a complex
disk with radius 0.4 (7 = 0.4), the control energy shown in Fig.
14 may be reduced a bit more using a real \i design tool.15

Remark. A MATLAB demo of these three design problems
can be found in Ver. 2.0 of the Robust-Control Toolbox*
released in Aug. 1992.

IV. Conclusions
A four-state stable, minimum-phase H°° controller has been

found for each of the three benchmark design problems. A
simple bilinear transform is found to be extremely useful in de-
signing the H°° robust controller to meet the settling time spec-
ification since it enables one to place closed-loop poles of the
H°° control system inside a disk-shaped region. The tools we
used have treated the real uncertainties as complex, which may
be the only caveat in the whole approach. A better tool that
can deal with mixed real and complex uncertainties is under
development.15 All of the design specifications have been satis-
fied.

Appendix: Controller Transfer Functions
Design la
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10084(5 + 100)(s + 0.17285)[(5 + 0.03135)2 + 0.67592]
[(s + 50.494)2 + 2.68382][(5 + 9.7294)2 + 8.26772]
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Design Ib

F(s) = 2.5622(1.043 - s)(s + 2.2168)(y + 0.1221)
[(s + 0.9072)2 + 1.81142][(s + 1.4945)2 + 0.5782]
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